Abstract. The order of speciality of an ample invertible sheaf L on a curve is the least integer m so that L ⊗m is nonspecial. There is a reasonable upper bound of the order of speciality for a simple invertible sheaf in terms of its degree and projective dimension. We study the case where it reaches the upper bound. Moreover we formulate Castelnuovo's genus bound involving the order of speciality.
Introduction
When we have an ample invertible sheaf L on a projective curve X with h 1 (X, L) > 0, it seems natural to direct our attention to the quantity m(L) := min{m|h 1 (X, L ⊗m ) = 0}.
We propose calling it the order of speciality of L. In this paper, we study the integer in a restricted situation. Let X be a projective nonsingular curve of genus g ≥ 3 over an algebraically closed field of characteristic 0, and L an invertible sheaf on X with h 1 (X, L) > 0 such that the complete linear system |L| corresponding H 0 (X, L) is simple. Here the classical terminology "simple" means that the linear system |L| has no base points and the morphism φ |L| : X → P r defined by the linear system is birational onto its image φ |L| (X). In this circumstance, we can see a several properties of the order of speciality m(L) en route to Castelnuovo's theorem. (1) is obviously true even if r = 2, and when r = 2, equality holds in (1) if and only if L is very ample, that is, φ |L| (X) is a nonsingular plane curve of degree d. There are two ways to expand this remark. One is to study the curve φ |L| (X) for an invertible sheaf L next to the extremal case under keeping the condition r = 2, which is done in [6] . Another is to study the extremal case itself for r ≥ 3, which is one of the subjects of this paper. Actually we will analyze the case in Theorem 2.6 for a general r and will give a precise description of it in Theorem 3.2 for r = 3.
Another topic is to formulate Castelnuovo's genus bound involving the order of speciality (see, Theorem 2.4 completed by Corollary 2.9).
Those two topics will merge at the last section in order to study the order of speciality of the linear system of hyperplanes of a nonsingular projective curve on a surface of minimal degree.
Generality
To begin with, we clarify our situation. From the exact sequence
of O P r -modules, we have a natural linear map
for each nonnegative integer n. The function
is nothing but the Hilbert function of Γ, which plays an important role in Eisenbud-Harris's approach to the Castelnuovo theory [2] , particularly, the following lemma is fundamental. 
Proof. The second part of the assertion is obvious from the first part because h Γ (1) = r. For the first part, see [2, Corollary 3.5]. Now we explain how inequality (1) is justified.
Proof. Since Γ is a general hyperplane section of Y , we may regard Γ as a divisor on X.
of O X -modules for any integer j. From the exact sequence for j = m, we have a diagram
where Sym m is the symbol for a mth symmetric product, the upper horizontal sequence is exact and the square is commutative. Since H 1 (L ⊗(m−1) ) = (0) and H 1 (L ⊗m ) = (0) by definition, the linear map α m is not surjective. Therefore, by the diagram, we have Proof. From the exact sequence (2), we have a diagram
If we fix d and r and regard τ (m, d, r) as a numerical function on
with commutative square. Hence
Hence by Lemma 2.2, we have
Adding these expressions together, we have
Since h 1 (L ⊗m ) = 0 by definition, we get the desired bound for g by the Riemann-Roch theorem. The quadratic function on x
takes the maximum at
which is the mean of 
where
Remark 2.5. Since the geometry of Y is well studied and a little exceptional from our point of view when L is isomorphic to the canonical sheaf ω X , we exclude frequently the case from our consideration. Under Setting 2.1 with the extra condition L ω X , we have d ≥ 2r + 1 by Clifford' theorem.
To state our second theorem, we need a notation. Let The proof of the theorem will be given after some comments and preliminaries.
The Proof. Since Y is nondegenerate and linearly normal in P r , we have a diagram:
Here all horizontal sequences, and vertical ones are exact.
) by the snake lemma, where the snake lives from the southwest to the northeast. 
Hence we have
Therefore S is an irreducible surface of degree r − 1 because H is in general position.
Before giving the proof of Theorem 2.6, we supplement "Castelnuovo's bound involving the order of speciality" with analyzing the case where equality holds in (4). Proof. If equality holds in (4), then each equality must hold in (6) (5) 
The two bounds (7) and (8) for g contradict.
From now on, we assume that r ≥ 4. By Lemma 2.8, there is nothing to do when h Γ (2) = 2r − 1. We will show that the inequality h Γ (2) In case (i), we have d = 2r + 1 by (9), but d ≥ 2r + 2 by (10); so the case is out of our consideration. In case (ii), we have d = 2r by (9), but d ≥ 2r + 1 by Remark 2.5, which is absurd. Therefore it has been established that Γ lies on an elliptic normal curve E in H = P r−1 . Let us consider the diagram
where the horizontal sequence is exact and the triangle is commutative. Note that γ is surjective because E is projectively normal. Since h Γ (m 0 ) < d, the linear map α m 0 = β • γ is not surjective, and hence neither is β. Therefore
Since rm 0 = d by our assumption, we have rm 0 ≤ d − 1, which implies m 0 ≤ λ + 1 because of (9). Using (9) again, we have d ≤ (λ + 1)r + 1. But it contradicts with our original assumption.
by Lemma 2.2. By the same computation as we did at the last part in Case 1, we get a contradiction. So we can exclude this case too for the possibilities.
Curves in 3-space
We start a detailed study of our problem for r = 3 with an example which shows the assumption m(L) · r = d in Theorem 2.6 to be actually necessary. The next theorem is a complete version of Theorem 2.6 in the case r = 3. In the theorem, we do not assume the invertible sheaf L in question not to be canonical. Assuming
by the Riemann-Roch theorem. Now we consider the exact sequence
where I 3 is the homogeneous part of degree 3 of the ideal of Y in P 3 . 
Conversely, a nonsingular curve which is a complete intersection of two cubic surfaces does not lie on any quadric surface. Finally, we handle the case d = 7. In this case, m(L) = 2. Suppose that Y does not lie on any quadric surface. Since the natural map
) is injective and h 1 (L ⊗2 ) = 0, we have g ≤ 5; and equality must hold because 7 ≤ deg L ≤ 2g − 2. Since deg ω X = 8 for a nonsingular curve X of genus 5 and L is special of degree 7, there is a point P ∈ X such that L ω X (−P ). Conversely, it is obvious that m(ω X (−P )) = 2 for a nonsingular curve X of genus 5. In order to complete our proof, we will show the next lemma. Lemma 3.3. Let X be a nonhyperelliptic curve of genus 5, and P ∈ X. Then:
Proof. (3.3) Since X is nonhyperelliptic, we have h 0 (X, ω X (−P − Q)) = 3 for any P, Q ∈ X. In particular, the linear system |ω X (−P )| is free from base points. If h 0 (X, ω X (−P − Q − R)) = 3 for three points P, Q, R ∈ X, then dim |P + Q + R| = 1 by the Riemann-Roch theorem. Since the number of g 1 3 's on X is at most 1, for the fixed point P the number of pairs {Q, R} so that h 0 (ω X (−P − Q − R)) = 3 is at most 1, that is, the morphism X \ {Q, R} → Y \ {φ |ω X (−P )| (Q) = φ |ω X (−P )| (R)} induced by φ |ω X (−P )| is an isomorphism.
(3.3) We show the second statement. First we consider the case where Y lies on a nonsingular quadric surface, which is isomorphic to P 1 × P 1 . Regarding Y as a divisor on the surface, we can see that Y is linearly equivalent to al + bm for some integers a, b ∈ Z, where l = P 1 × pt,
we have Y is linearly equivalent to 3l + 4m or 4l + 3m, which means that the first projection from P 1 × P 1 or the second gives a morphism of degree 3 from X to P 1 via the normalization X → Y .
Next we consider the case where Y lies on a singular irreducible quadric surface S, which is a cone over a conic. The blowing-upS → S ⊂ P 3 whose center is the vertex of S coincides with φ |C 2 +2f | : Hence we have thatỸ is linearly equivalent to 3C 2 + 7f or 4C 2 + 7f . But since the linear system |4C 2 + 7f | has no irreducible member [5, V, 2.18],Ỹ ∈ |3C 2 + 7f |. Hence π|Ỹ gives a morphism X → P 1 of degree 3.
(3.
3) It is easy to see the diagram
is commutative, where p is the projection with center φ |ω X | (P ). Since X is trigonal of genus 5, the canonical curve lies on a rational ruled surface
where C 1 is the minimal section [7] . Since deg F 1 = (C 1 + 2f ) 2 = 3 and φ |ω X | (P ) ∈ F 1 , the surface p(F 1 ), which obviously contains Y , is of degree 2. This completes the proof.
Curves on a surface of minimal degree
An irreducible nondegenerate surface S of minimal degree r − 1 in P r is either (1) a nonsingular scroll; or Throughout this section, F e denotes the rational ruled surface with invariant e. To avoid an exceptional situation, we assume that e > 0, however, most of the analysis works well even if e = 0.
We denote by C e the minimal section of the ruled structure π : F e → P 1 . Moreover we denote by f the divisor class of a fibre of π.
In order to compute cohomology of invertible sheaves on F e , it would be convenient to give a summary of fundamental formulas. 
where the symbol S α denotes the αth symmetric product, and by [5, V, 2.5] with the Riemann-Roch theorem, (13) χ(O F e (αC e + βf )) = − α(α + 1) 2 e + (α + 1)(β + 1).
Curves on a nonsingular scroll
A nonsingular scroll isomorphic to F e is given by a linear system |C e + nf | with n > e. We identify F e with φ |Ce+nf | (F e ) ⊂ P r , where
We consider a nonsingular curve Y on F e and the invertible sheaf
We denote by g the genus of Y , and by d the degree of Y in P r . Then
by (11) with the adjunction formula, and 
Proof. For the first inequality, see [5, V, 2.18] . To see the remainder of the statements, let us consider the exact sequence
Tensoring (17) with O F e (C e + nf ) gives the exact sequence
From (11) with Serre's duality and (12), h 2 (O Fe (C e + nf )) = 0. On the other hand, since h 0 (O Fe (C e + nf )) = χ(O Fe (C e + nf )) by (14) and 
the vanishing is equivalent to the condition
This completes the proof. 
Curves on a cone over a rational normal curve
A cone S ⊂ P e+1 (e ≥ 2) over a rational normal curve of degree e in P e is the image of the morphism from the rational ruled surface Proof. These can be proved by the similar idea of the proof of Lemma 4.1. So we omit it. 
